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Abstract 

In |[T5l a unified description as polynomial Hamiltonian systems was established for a 
broad class of the Schlesinger systems including the sixth Painleve equation and Garnier sys- 
tems. The main purpose of this paper is to present particular solutions of this Hamiltonian 
'^ ■ system in terms of a certain generalization of GauB's hypergeometric function. Key ingredi- 

C^ . ents of the argument are the linear Pfaffian system derived from an integral representation of 

the hypergeometric function (with the aid of twisted de Rham theory) and Lax formalism of 
the Hamiltonian system. 

> 

o 

S2 : 1 Introduction 



ly-^ . Fix integers L > 2 and A'^ > 1. We consider the following completely integrable Hamiltonian 

tial equations: 

dqf_dHj di^ _ dHj (iJ=l,...,N 



O I system of partial differential equations 






dxj dpf dxj dcii^ \n=l,...,L-l 



(1.1a) 



^ . with variables x = (xi, . . . , xn) and unknowns q^^ ^^d p''^ . Here the Hamiltonians function //,■ is 
given by 

n=0 y'=0 {)<m<n<L~\ j=Q ' -' m,n=0 

and 

i=\ n=\ 
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thereby, Hi forms a polynomial in the canonical variables. This system was introduced by the au- 
thor in IfTSlI via a similarity reduction of the UC hierarchy lfT4l (an extension of the KP hierarchy); 
it is equivalent to a class of the Schlesinger systems IfTTTl describing isomonodromic deformations 
of an L X L Fuchsian system with N + 3 poles on the Riemann sphere. The spectral type of this 
Fuchsian system is given by the (A^ + 3)-tuple 

(1,1,...,1),(1,1,...,1),(L-1,1),...,(L-1,1) 

^ v^ ' 

of partitions of L, which indicates how the characteristic exponents overlap at each of the N + 3 
regular singularities. System (11.11) contains complex constants 

(e, K, 6) = (eo, ei, • ■ • , sl-i, a^o, ki,..., kl-\,6q, 6i, . . . , On) 
satisfying the linear constraints 

L-l J . L-\ N 

Y^ en = —z— and Y'<n = Y Ot, 

SO the number of constant parameters is essentially 2L + N - 1. Note that these parameters corre- 
spond to the characteristic exponents of the associated Fuchsian system. Henceforth, we denote by 
'J-{l,n the polynomial Hamiltonian system (|l.ll) . For example, the case where L = 2 and any N > I 
{^2,n) coincides with the Gamier system in A^ variables [[51 and, thus, the first nontrivial case 
CHij) with the sixth Painleve equation Pyi [HI IS- For details refer to ifTSl . 

In this paper we present a family of particular solutions of the polynomial Hamiltonian system 
■7^/,,^, which is parameterized by a point in the projective space p^(^-i). These solutions are gov- 
erned by a linear Pfaffian system of rank N{L - 1) -i- 1 and, furthermore, expressed in terms of a 
generalization of GauB's hypergeometric function. 

We begin by introducing the hypergeometric function crucial to this work. Fix the notation 
of multi-index; let / = {m = (mi, . . . ,mN) \ nii e Z>o}, and write x'" = ;ci'"' ■ ■ ■ jc/v'"" and \m\ = 

mi H h nipj for m 6 /. We define a function F^n = Fif^{a,p, y; x) in A'^ variables x = (xi, . . ., Xn) 

by means of the power series 






convergent in the polydisc {\xi\ < 1, . . . , \xn\ < 1} c C'^. Here 

(a,/3, y) = (tti, . . . , Q'L_i,;0i, . . . ,/3n, ri, ■ ■ ■ , Tl-i) 

are complex constants such that y„ i "L^i), and (a)„ = r(a -I- n)IY{d). The series F^^t^ satisfies the 
system of linear differential equations 

(L-l L-l "I 

Xi(fii + 6^\\{a^^I))-6i\\{yk-\^<D)\y = % i=l,...,N, (1.3) 

k=\ k=i J 

where 

d w 

Si = Xi— and £>=y/,-. (1.4) 

dxt ^ 



As is shown in the next section, system (11.31) is equivalent to a linear Pfaffian system of rank 
N(L - 1) + 1. The holomorphic function FLN{a,/3, y; jc) at e C^ can be analytically continued 
along any path onX = {x = (xi, . . ., Xn) e C^ | xi 4^ Xj (i 4^ j), Xt 4Q,\}, which is the complement 
of the singular locus of this Pfaffian system. Note that, if (L, A^) = (2, 1), (L, 1) and (2, A^), then the 
hypergeometric series Fij^ reduces to GauB's 2^1, Thomae's lF^.i [|T3ll and Appell-Lauricella's 
Fd [|2ll3, respectively. 

We turn now to the particular solutions of the Hamiltonian system ^Hl^n- There is an equivalent 
formulation of IH^n (Lax formalism) as a compatibility condition of an auxiliary linear problem 
consisting of the foregoing Fuchsian system and its deformation equations; see flSJ. Under a cer- 
tain condition of parameters we find particular solutions of 'Ht,N such that the associated Fuchsian 
system becomes reducible; furthermore, these solutions are governed by the same linear Pfaffian 
system of rank N{L - 1) + 1 as Fl,^. This fact leads us to the 

Theorem 1.1. V7/zen /co-^jli ^i - ^' the Hamiltonian system'HL^N possesses an N{L-l)-parameter 
family of particular solutions, each of which is expressed in terms of a hypergeometric function, 
i.e., an arbitrary solution o/ (|1.3l) . 

(See Theorem 13. 2[ ) 

Remark 1.2. The hypergeometric solutions of Pyi (= 'T^2,i) and the Gamier system (= 'H2,n) were 
ffist given by Fuchs [4J and Okamoto-Kimura fTO*], respectively. See also [5]. They linearized 
the Riccati-type equations for particular solutions by introducing new dependent variables, and 
then identified the resulting linear ones as the hypergeometric differential equations. Recently the 
case of *Hl, 1 was studied independently by S uzuki [[T2| ; he obtained a power series solution through 
Frobenius' method after a direct linearization. The present result covers all previous ones; however, 
it is based on a method quite different from theirs. We emphasize that key ingredients of the 
argument are a systematic derivation of the linear Pfaffian system from an integral representation 
of the hypergeometric function (with the aid of twisted de Rham theory) and investigation into its 
Lax formalism rather than the Hamiltonian system itself. 

In Sect. [2] we present the integral representation of the hypergeometric function F^m (Propo- 
sition [2?T]). Applying a twisted (co)homological technique we derive the linear Pfaffian system 
for Flat (Theorem 12.21) . In Sect. [31 after a brief review of Lax formalism of "Hl^n (Theorem 13. II) . 
we solve it with special values of parameters. Particular solutions thus obtained satisfy the same 
linear Pfaffian system as F^jy. This establishes a representation of the solutions in terms of the 
hypergeometric functions (Theorem 13. 2|) . In the appendix we summarize the contiguity relations 
for F^N- 

2 Integral representation and Pfaffian system for liypergeomet- 
ric function F^^ 

In this section we first introduce the integral representation of Fij^, then from which we derive 
the linear Pfaffian system by means of the viewpoint of twisted de Rham theory. Conversely, 
the hypergeometric function F^j^ can be characterized as the unique holomorphic solution of this 
Pfaffian system at e C^. 



2.1 Integral representations 

The hypergeometric function Fij^, (11.21) . can be written as 



k= 

L-\ 



1 T{ak)T{yi, - at) 

^ ^-. N 

n ^-^"'''(1 - ZkY''"'-' r\(l - XiZiZi ■ ■ ■ ZL-i)"^'dzi • • • dzL-i, (2.1) 

provided \Xi\ < 1 and ReCy^) > Re(a;t) > and the branch of the integrand is assigned as 

argz^ = arg(l -Zk) = Q and |arg(l - XiZiZi • ••Zl-i)\ < t- 
Representation (12.11) can be verified in a standard manner, i.e., by means of the binomial theorem: 



(a)n n 

-z 



and the relation between the beta function and gamma function: 



(a,b)= f z^'-'i 
Jo 



,,_., naWib) 



Bia,b)= z''-\l-zr'dz= ^ \; , Re(a),Re(Z7)>0. 

r(a + b) 

To transform the nonlinear form in the integrand of (12. 1|) into a linear one, we apply the change of 
integration variables 

h = Z\, t2 = Z1Z2, h = Z1Z2Z3, ■■■, tt-l = ZlZ2' ' ' Zl-I- 

The Jacobian of this transformation is calculated as 

d(Zl,...,ZL-l) 1 



ditu...,tL^i) 



tlt2- ■ ■ tL-2 



Put to = I for convenience. The integral representation of F^i^ in which every factor of the 
integrand takes a linear form is, therefore, established. 

Proposition 2.1. Assume ReCy^) > Re(ak) > 0. For \xi\ < 1 it holds that 



L-l 



FL^N(a,j3,y\x) = ]~[ 



nyk) 



L-2 L-l N 

X 



I tL-r-'~' n h"'-""^' Y](tk-i - tur'"'-' f](l - ^,-?L-i)"^'d?i ■ ■ ■ d?i_i (2.2) 

^^ ft=l *:=! !=1 

w«Y/i ?/ie integration domain A Z7emg a« (L - \)-simplex 

A = {0 < ^L-i < • • • < ?2 < ?i < 1} c R^"\ 
//ere ?/ie branch of the integrand is assigned as 

arg ?^ = arg(?^_i -tk) = Q and |arg(l - XitL-\)\ < -■ 

Based on this integral representation and twisted de Rham theory, we will discuss below the 
linear Pfaffian system characterizing Fij^. 



2.2 Pfaffian system 

Consider a multivalued function 

L-2 L-l N 

u(t) = ^^.i'^-' Y] ^^""'"' n^^-^-i ~ ^'^'^'""' n^^ " ^,-^L-i)-^- 

k=\ k=\ i=\ 

with to = I defined on 

T = {t = {h,..., tL-^i) e C^-^ Itki^O, tki^ h-u ?n ^ 1/^,}, 

which is the complement of singular locus D = [j^ll ({tt = 0} U {t^-i - h = 0}) U UJIifl ~ -^/^l-i = 
0} of U{t) in C^"^. Let X be the local system of rank one determined by l/U(t), i.e., a flat line 
bundle consisting of the local solutions of V^jh = on T, where V^^ is the covariant differential 
operator given by 

V^ = d + a;A, co = d log U{t). (2.3) 

Let Xy be the dual local system of X. Denote by HP{T, £.) (resp. Hp{T, X^)) the p-th cohomology 
(resp. homology) group with coefficients in H (resp. I^). Under a certain genericity condition for 
the exponents a;,/3;, y, e C \ Z, it holds that 

fA^(L-l) + l ifp = L-l 
dim//''(r,X) = dim//„(r,X^) = <^ ^ ' ^ 

'^ |0 ifp^L-1 

and, furthermore, bases of the top cohomology and homology groups are described as follows. 
First we notice the isomorphism 

HP{T,£) = HP{Q:{*D),VJ 

where the right-hand side is the de Rham cohomology group determined by V^, and Q.''(*D) stands 
for the space of rational j!?-forms holomorphic outside D. It can be verified that the rational (L - 1)- 
forms 

d?i A • • • A dtt-i 

tt-i Wk=i (h-i - h) 
(,) _ d?i A • • • A dtt-i / 1 < / < A^ 

'^" " tL-i(l - XitL^,) nUitk-i -h) I 1 < '^ < ^ - 1 

are cocycles representing a basis of H^^{T, £.). On the other hand, a basis of Hl-i(T, X^) can be 
constructed from the set of bounded chambers in the real locus T n R^"^ of T. For simplicity, we 
fix the configuration jc e C^ of A^ points to be real numbers such that < Xn < ■ ■ ■ < X2 < Xi < 1 . 
Accordingly, the set of bounded chambers is given by 



Ao' = {0<tL-i<--- <ti <to = 1}, 

tL-l > tL-2 > ••> tL^n-l > 
A®' = <! < ?L_„-i < • • • < ?! < ?o = 1 
IjXi^i <tL-l < l/Xi 



l<i<N 
l<n<L-l 



The regularizations [HI [161 of these cycles, denoted by Aq and AJ,'\ represent a basis of Hl-[{T, X^). 
Now we introduce the integrals 



(0 



yo = Uit)<po and /:> = U{tWi 
Ja Ja 

for any twisted cycle A 6 Hi-i{T, J^). Then we have the 

Theorem 2.2. The functions y^ andy„ satisfy the linear Pfafftan system 

/ L-l \ 



OXi 



m=\ 



^^--^-^^^-^^^ 



,(0 



x.i 



dxi 



L-\ 



= -aj^ + (7n - a„) Z ^ + ^ -3^0 + X ^" 



m=n+\ 



L-l 





m=l y 



W 



I^j^j 



-Zf?t(>:."-^:;') 






A proof of this theorem will be given in Sect. I2.31 
Let us consider the vector-valued function 

j-X^, Aj- |^jo,Ji ,3^2 '•••'3'n'3'i '3^2 



(2) 






>«) 



(2.4) 



(2.5a) 
(2.5b) 



(2.5c) 



'L-l'-'l '-^2 ' • • -'.^L-l' • • -'-^1 '-^2 '•••'-^L-1; 

defined by the integrals (|2.4i) for A e Hi.i(T, £y). Then (|2.5I) takes the following expression: 
df=lj] {Eid log X,- + FA log(x,- - 1)) + _^ G,yd log(x,- - Xj) [ f, 

\ i=l \-<i<j<N } 

where Ej, Fi and G,, are the square matrices of size N{L - 1) + 1: 



(2.6) 






1 


2 








i 








N 


-ai 

-^2 
-«3 


-till 


-;e2/ 




a2 

«3 


aj, 


h3 








-M 


-«L-1 








«L-1 


a L-l 




a L-l 


buL-i 






- 




















- 



Fi = 










i 






r -fii 




A 


A •• 


■ Pi 


" 










ai 




-a I 


-ai ■■ 


-ai 




a2 




-a2 


-6(2 •■ 


-a2 




a L-l 




-a L-l 


-a L-l ■ ■ 


■ -a L-l 




. 










_ 



r 


I 




J 


-1 




-Pjl 




fiji 
















/3il 




-A/ 















G„ 



and a„ = Un-Jn and bi^„ = Yiji^iPj ~ 7n', the symbol / denotes the identity matrix of size L - 1 . We 
wrote a square matrix M of size N{L - 1) + 1 as 



M = 



N 





' Moo 


1 
Moi 




N 
Mqn ' 


Mio 


Mn 




MiN 










_ Mm 


Mny 




Mnn _ 



with dividing it into (A'^ + 1)^ blocks so that Moo becomes a scalar, Moy (7 9^ 0) and M,o (/ ^ 0) row 
and column (L - l)-vectors, respectively, and M,^ (z, j ^ 0) a square matrix of size L - 1. 
The linear PfFafian system (12.51 ). or (12.61) . is of rank N(L - 1) + 1 and the integrals 



y(x;Ao) and }^(^;A®) 



I <i<N 
1 <n<L-l 



provide a fundamental system of solutions. In particular, y{x; Aq) is the unique holomorphic solu- 
tion at 6 C^ up to multiplication by constants; it is expressible in terms of the hypergeometric 
function ^^,^(0:,/?, y; x) according to the integral representation (see Proposition 12. II) as 

>'o = cFl^n, yf = cFL,N(fii + 1,71 + 1). 

71 

yy = -— cFL,N(ai + 1,A- + 1,71 + 1,72 + 1), 






71 72 

tfl •••Q'n-l(7n -»n) 

71 ■ ■ ■ 7« 



cFl,n(o:i + l,...,a„-i + 1,A- + l,7i + 1,...,7« + 1), 



where c = 0^=1 ^{<^kW{7k-o:k)/^(yk)- For notational simplicity, we used the abbreviation FL,N(J3i+ 
1, 7i + 1) to mean that among the parameters (a,l3, 7) only the indicated ones fit and 71 are shifted 
by one, and so forth. We mention that the differential equations satisfied by the first element y = yo 



ofy are indeed (11.31) . 



2.3 Verification of Theorem 12.2 
In general, it holds for an (L - l)-form (p that 

^ fu = ful-— +^\ 

dxijf, Ja \U dxi dxij' 

Hence Theorem 12. 21 is an immediate consequence of (12.41) and the following lemma. 



Lemma 2.3. Define a linear operator Vj (i = \, . . . ,N) acting on a dijferential form tp by 

\ dU dip 

\i(p = (f -\ . 

U oxi oxi 

The rational (L - l)-forms (fo and ip„ satisfy the relations 

( 

{Xi-l)Vi(po=/3i 

(Xi-xj)Vtcpf=fit(^li^-^i^^), 

x,.V,.^« . -a,^ + (r„ - a„) y ^ + ^^ ' 

. I Xi V 



m=l ) 



(2.7a) 
(2.7b) 



m=n+l 






fij^i 



+ V -^ (<^i^'^ - ^^ij) {modulo 1^0f-\*D)). {2.1c) 

Proof. We will use the notation 

d£ = d?i A • ■ ■ A dti-i, 
*Atj = {-\y~^Ati ^■■■ ^dtj ^■■^ ^ d?z,-i; 

therefore, dtj A *d?^ = d£. We abbreviate 0^=1 and 0^=1 respectively to O/t and O/t^n. and so forth. 

k+n 

From the definition 



dt 



n 



it is readily seen that 



^^ = 



dt 



^L-\ Wk{h-\ - h) ^L-i(l - ^itt-x) Wk+n{h-i - tk) 



L-\ 

E 

m=n+ 1 
L-1 



V\ 



,('■) 



^n ~ h-1 



tL-l{l - Xiti-l) Uk{h-i - tk) 



d£ (0 < « < L - 2), 



-(^0 + 



2_j^m 



Xi - 1 



m=\ 



(1 -X,?L_i)nytfe-l -?/t) 



d?. 



(2.8) 

(2.9) 
(2.10) 



Since ^o does not depend on Xi it follows that 



1 dU 



-Vo 



Pidl 



U dxi"" 1 - x,fL_ 1 " " {I - Xitt-i)Y\k{tk-\ - tkV 
which coincides with (|2.7al) according to (|2.10l) . Likewise (I2.7bl) can be verified as 

Pidi 



^i^' = 



(1 - X/?L_i)(l - JC/l-i) n<:5tn(^/t-l " ^/t) 



X/ - JCy \ 1 - Xitt^i 1 - JC/l-1 / ?L-i n/t#«(^yt-i - ^/t) 



It is difficult to calculate directly V,i^„ because ip„ depends on x,. So we first prepare an 
appropriate coboundary, by which we eliminate the Xi dependence of ^„ modulo V^^^~^{*D). 
Consider the rational (L - 2)-form 



ki^n 



Q^-\*D) 3^n = n dlog(r,_i - h)h 



/'_i\L+«-l ^ 1 
Wk+nih-\ - tk) 



J=" 



Its covariant derivative reads (recall (12.31) ) 



vx = (-1)^ 



tti-l 



n*:(^<:-l ~ ^k) ?L-1 Dit^nC^A:-! ~ ^/t) 
N n L-2 



-E 



J^i^; 



^ (1 - ;c/l_i) riteC^/t-i - ^-t) 



+ 



^ n^^^c^-i - 



4) 



dt. 



Hence 



^ . ^ / 1 X- \ 



Jn-an Zy=1^7-^H 



+ 



D/tC^/t-i ~ h) ti-i Ylktnih-i - tk) 
modulo V(j^„. Now the derivative can be calculated as 



jritjWk^n 



ry+i - »; 



(^/t-1 - tk) 



dt 



iv,-)E/*.rf-(^.||:)E.rf 



r« - Ctn 



+ 



ZjLl^y-ffL-l 



(1 - X,?z._i) n,t(^*:-l - ?yt) ?L-l(l - Xitt^i) Wk^n{tk~\ - tk) 
L-2 .. _. ^ 

dt. 



tk) 



yj+i - ";• 

tj(l-XitL.l)Uk*nitk-l- 

Applying (12.81) . (12.101) and Lemma [24l below, we thus arrive at 



L-1 



) 



D 



}=\ "' V m=l / \y=l / m=n+\ 

which establishes (|2.7cl) by virtue of (|2.7b| ). The proof of the lemma is complete. 
Lemma 2.4. One has 

L-2 _ L-1 

j^ f/l - .X:,-?L-l) i [k+n^tk-l - tk) ^^^^ 

modulo V^Q.^~^(*D). 



Proof. Taking partial fraction decomposition yields 

L-2 






7j+i - aj 



/I - ^itl-l) Y\ktn(^k-l - tk)' 



-dt 



1 



L-2 



( 



^L-l(l ~ ^ith-i) 



L-2 



J](7j+i - aj) 



j=n 



1 



Y\ktn(tk-l - tk) 
L-2 L-1 



1 ^-1 1 

- s — - — 



?yt) 



dr 



= y (r/,1 - a/)^i'^ ^ — y y ^^^'"' ""' — dt. had 



j=n -^ ' ^ . ^ ,, y^„ m=;+l 

On the other hand, we consider the (L - 2)-form 



Q^-2(*D) 3 (A„,„, = 



]~[dlogfe^i-r^)A 

\ki^n,m 

(-1)' 



d? 



L-l 






Z*dti 



j=" 



for n < m, of which the covariant derivative reads 

'm-l 



V.^„,. = (-1)" 



r;+l - Q-; 



y ^i+1 • 



+ 



7n -0!„ 



7m ^n 



ih-l - tk) Y\ki^m(tk-l - tk) Y\k^n(tk-l " tk) 



dt. 



Observe that Vcjilfm,n still remains a coboundary if we multiply it by any rational function g e 
Q°(*D) such that dg/dtk = (V^ ?^ L - 1). In particular, by choosing g = tt-C^l - XitL-i)'\ we 
have 



1 



m-l 



^ t u 



7j+i - aj 



^L-l(l ~ ^itL-l) T^ tj Y[ki=n,mitk-[ ~ ^/t) 

Summation over m = n+l,...,L-lof this formula entails 



df + (y„ - a„)(p'^ - i7m - a,n)K = 0- 



(0 - 



1 



L-l m-l 



L-l 



L-l 



^L-l(l - Xiti^i) 



E E ,.n feV 4) ^ ^ <'-» - ""> E ^i;' - E <''■« - -">"' - « 

,=,,+1 r=« V il«:7t«,mV'/:-l ^kj m=n+] m=n+l 



m=n+l j=n ^ 

Substituting the above into (I2.12|) . we verify the desired result (|2.11 



m=n+l m=n+l 



o 



3 Hypergeometric solution of Hamiltonian system 9{l,n 

In this section we first review Lax formalism of 'Hl^n following [[TSl . Under a certain condition 
of parameters "Hl^n admits particular solutions such that the associated Fuchsian system becomes 
reducible. These solutions are governed by the Pfaflian system derived in the previous section and, 
thereby, expressible in terms of the hypergeometric function. 



10 



3.1 Lax formalism of ^l.n 

We begin with a brief review of Lax formalism of 'Hl,n- Consider an L x L Fuchsian system 



— = AO = > 

37 AJ 7- 



-o 



(=0 



Ui 



(3.1) 



with N + 3 regular singularities {uq = l,Ui, . . .,Um,Un+i = 0,Um+2 = oo} c P\ of which the 
characteristic exponents at each singularity z = u,-, i.e., the eigenvalues of each residue matrix A,, 
are listed in the following table (Riemann scheme): 



Singularity 



Exponents 



UiiO<i<N) (-01,0, ... ,0) 

un+1 = ieo,eu---,eL-i) 

Un+2 = oo (^0 - eg, Ki-ei,..., Kl-I - gL-l) 

We can, and will, normalize the exponents as trAA^+i = 2^=o ^n = (L - l)/2 without loss of 
generality. Assume 2^=0 '^h = Ijf=o^i (Fuchs' relation). Such Fuchsian systems as above then 
turn out to constitute a 2N(L - l)-dimensional family and, actually, can be written in terms of the 



^(0 



(0 



accessory parameters bn and c„ in the following way: 






lA'+l 



W0,L-1 "I 



Wl-2,L-1 

ei-i 






) (0 < / < A^), 



.('■) 



^N 7(0^(0 



where cj, = 1 and Wm,n = - HiLo bJcn . We thus find the relations 



L-l 



(trA,=)J]H'M;) = -0, and ^Z^i'V^ = -/c„. 



(3.2) 



«=o 



!=0 



the latter of which comes from the diagonal entries of the lower triangular matrix A/v+2 = - Y!i=Q At . 
Since A^+i and An+2 are triangular, there still remains the degree of freedom of a similarity trans- 
formation by a diagonal matrix. Consequently, the essential number of the accessory parameters 
is confirmed to be 2N(L - 1). In fact, they can be realized by the canonical variables qll^ and p^-' of 
"HlX, see (13.51 ) below. 

The isomonodromic family of Fuchsian systems of the form (13.11) is described by the integra- 
bility condition of the extended linear system, i.e., (|3.1I) itself and its deformation equations 



50 Ai 1 
— = Bid), Bi = -^ 

OUj Uj - Z Ui 



( 0, 



^ 



6, 



{\<i< N). 



(3.3) 



Here the lower triangular part (*) of the second term is exactly the same as A,. 
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Theorem 3.1 (See [il5,1 ). The integrability condition 



OUi oz 



(3.4) 



of (13.11) and (13.31) is equivalent to the polynomial Hamiltonian system 'Hl,n, (|1-1I) . via the change 
of variables 



JO) 



/ Cm 



(3.5) 



3.2 Particular solution of 'Hl,n 

Suppose that atq - XJIi ^r = 0. This condition enables us to restrict bn and c,, to the subvariety 

bf = 0, bf = -9i (/^O), 

cf = ■ ■ ■ = cf\ and c® = (/ ^ 0, n ^ 0) 



while keeping consistency of the linear system (13.11 ) and (13.31 ). Notice here that this restriction 
amounts to qll^ = 0. In view of (13.21 ) we see that the matrices A, and 5, can be parameterized by 
the N(L - 1) + 1 variables / := 1/cf = ■ ■ ■ = \/cf\ and b^^ (i ^ 0, n ^ 0). It actually follows that 



An = 



Aw+l — 



I' • 





\ 


-Klf -Kl ■ 


-Kl 


-KL-lf -Kl-1 • 


•• -kl-\, 


I'eo ■ 


■ ^ ] 




ei /^i A-i ■ 


■ Kl 




ei K2 ■ 


■ K2 




e3 


■ Kl-2 




V 


ei-i) 





-Or 



,('■) 



,('■) 













oj 



(1 < / < A^), 



therefore, (|3.1I) is clearly reducible. On the other hand, we have 



E - ^'■ 

LU; 



\-L 



+ 



Mr("i - Z) 



(-Oi 


•■ 


■ ^1 


bf 


•■ 


• 


w. 


•• 


• 0, 



12 



Observe that in this situation only the (n, 0)-entries (1 < n < L - 1) of the matrix equation (13.41 ) are 
nontrivial. In fact, 



dA_dBi\ _ -K^df_ y 1 db^£ 
dui dz /„ z-ldui ^ z- Uj dui '' 



[A, Bi]„o 



^n 



Uiiz- \){Z-Ui) 



L-\ 



-OiuJ + zJ^b'i; 



m=l 



1 



/ 



+ 



Uiiz - Ui) 



L-\ 



(eo-e^b^-K, J] b^, 



+ 



— T 

■ - uA Aj 



) 

m 
m=n+\ ) 



Bibfui - Ojbll'z 



Ui{z-Ui)4-f Z-Uj 

Residue calculus at z = \,z = Uj (j i^ i) and z = Ui yields the system of linear differential equations 
for unknowns / and b\'^: 



L-\ 



{i-udj- = -Uieif + J]b^ 



) 

m ' 



m=l 



Mi 



U) 



(ui - uj)-^ = eMJ^ - -^Ojbf, 

■' dU: Ui 



dui Ui 



L-\ 



( i-1 A 

'^n n r V lAi) 



m=n+\ 



. , ] Ui L 

— Qibn — Qjbn 



m=l / 



Ui - Ui 

7=1 ■' 



If we apply the change of variables 



1 f b^'^ 
Xi = —, yo = — r, and y)' = j-, . 



(3.6a) 
(3.6b) 



(3.6c) 



then (|3.6I) is converted into the Pfaffian system for F^n (see (12.51) in Theorem [Z2l) with a„ = en-eo, 
/3n = -On and 7n = ^n - ^o - Kn- Combining this fact with Theorem [311 we finally arrive at the 

Theorem 3.2. When kq - 2,=i ^; = 0, the Hamiltonian system 7^l,n admits a particular solution of 
the form 

^" ' ^" 'yo \ 1 < n < L - ] 

where {yo,yn } is an arbitrary solution of the linear Pfaffian system, (12.51) or (12.61 ). with 



^n — ^n ^Oi Pn — "m yn — ^n ^0 l^n- 
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Remark 3.3. We already know that yo is a solution of the hypergeometric equation (11.31) . Moreover, 
it is possible to write all the other elements jj,'^ as linear combinations of derivatives of yo- In 
fact, we can carry out it by the differential operators appearing in the contiguity relations for the 
hypergeometric series Fiy, cf. Sect. [2] and the appendix below. 

Remark 3.4. Particular solutions of the Schlesinger system for the case of a general spectral type 
have been studied by Dubrovin-Mazzocco |13J|. For instance they showed that if the monodromy 
group of the associated Fuchsian system is triangular, then the Schlesinger system can be solved 
in terms of solutions of linear differential equations (that are generally inhomogeneous). 



A Contiguity relations for Fl 



N 



In this appendix we provide a table of the contiguity relations for F = Fi!^{a,[i,y\ x). We shall 
use again such an abbreviation as F{an + 1) to represent the same function as F except increasing 



the indicated parameter a„ by one. Recall the notation (11.41) of the Eular operators. 

Theorem A.l. The hypergeometric function F = FLj^{a,J3,y; x) satisfies the contiguity relations 

F(a„ + I) = ^^^F, (A.l) 

an 

FQ3i + 1) = ^^F, (A.2) 

Pi 



L-1 

Fir. + 1) = 7 1 Z ^ n^^ + ^^ - 1) - Z ^^<^ + ^"^'~'~' 

^^ I i=l "^' k=l j=0 



F, (A.3) 



F(an - 1) = 



CUn- 1 



^L 



N L-1 L-1 



^ Xi{6i + /3i) Y]i2) + ak)-J] s'jiD + a„ - I )'^''-J \ F, (A.4) 



(=1 k=\ 7=0 



Fijn - 1) = — F, (A.5) 

Jn - 1 

{Xi-Xj)£+lii 

F(J3i + l,Pj - 1) = -f^ F, (A.6) 

Pi 

F(ai + l,...,a^_i + l,A + l,yi + l,---,yL-i + l)= ^i'"^^-' ^. (A.7) 

ai • • • at-ifii dxi 

Here each Sj denotes the j-th elementary symmetric polynomial in L variables ak - jn (k = 
1, . . . , L - 1) and Xijli A' ~ Tn, and similarly s'- does that in jk - a. {k = I, . . . , L - I) and 1 - a„. 

Proof. Notice the formula 6iXi = Xi{6i +1) with Xi regarded as the operator multiplying x,. Then 
(|A.1I) . (IA.2I) . (IA.5I) and (IA.7I) are immediate from the definition (11.21) of the hypergeometric series. 
By an analogue of the classical factorization method, (|A.3I) . (|A.4I) and (|A.6|) can be obtained. n 

Let S = S{a,/3,y) be the linear space of solutions of the hypergeometric equation (11.31) . In 
general, the linear operators appearing in Theorem I A. 1 1 induce isomorphisms of these spaces. For 
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instance, let H and B be the differential operators defined by 

N r, L-1 L-1 

H=y.^ Y\{^ + n - 1) - y SjiO + ynf-'-K B = V + yn\ 

i=\ "^' k=l j=0 

k+n 

cf. (|A.3I) and (|A.5I) . The linear homomorphisms 

// : <S ^ <S(y„ + 1), B: 5(7„ + 1) ^ <S 
are isomorphisms if and only if ynSi ^ 0- 
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